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The boundary layer functions are sought in the form (2.5). The procedure for construct-
ing them is analogous to that described above with the sole difference that the functions
Vs, o M, 8) will satisfy boundary conditions of the Neumann type for 1 =0 , which enables g, (0),
g (zo) to be determined from the condition for the damping of the boundary layer functions
to be exponential /3/.

The asymptotic form of problem B, differs substantially from the asymptotic form of
problem 4, in that the series expansion in powers of & for v(z,0) must start with the power
—2, and this is related, in turn, to the fact that the coefficient of friction is assumed to
be non-zero. For p=0 the series expansion starts with the zeroth power of ¢ .

The system of equations (2.2) to determine the functions up, vn is hyperbolic with two
double families of characteristics z=const and 0= const, which indeed results in the appear-
ance of the average with respect to the angular coordinate in the asymptotic form because of
the requirement for the displacement to be unique. We note that the "radial" part of the
functions va (z,8) is extracted automatically in problem B, .
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THE PROBLEM OF THE CONTACT BETWEEN A LINEAR ELASTIC BODY
AND ELASTIC AND RIGID BODIES (A VARIATIONAL APPROACH)"

A.M. KHLUDNEV

The problem of the contact between a linear elastic body and a rigid body
is formulated as a one-sided problem. The solution is determined from the
variational inequality, equivalent to the problem of minimizing the energy
functional in a set of allowable displacements. The regqularity of the
solution is established down to internal points of the ocontact boundary.

A measure is constructed in the subsets of the contact boundary that
enables the effect of a stamp on an elastic body to be characterized.

The absolute continuity of this measure is proved at the internal point.
The problem of the contact of two elastic bodies is examined in a similar
formulation. The regularity of the solution is established and the nature
of the effect of one body on the other is clarified.

1. Contact between an elastic and a rigid body. rormulation of the problem.
Let an elastic body in the natural state occupy a domain Q (C R* with boundary [ of class C>
represented in the form of the union of three parts: I' =Ty |J Iy | Ic-The condition o =0 1is
given on [, , where w is the displacement vector. The vector force a;n;==g; is given on T[4,
where n = (nr,, ny, n3) is the external normal to the boundary, Oy is the stress tensor, g; are
given surface forces, {,j= 1,2,3, and summation here and below is over repeated subscripts.
It is assumed that the points I, of the elastic body can interact with the rigid body for
which the equation of the surface has the form @ (2) =0, where the inequality ® (z) <0 is
satisfied for points of the rigid body. In the linear approximation the condition on the
displacement vector has the form /l/

m(z)VCD(I)}—(D(I), xr_—‘_I‘c (1.L)
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Let H,' () be a Sobolev space of vector functions having first generalized, square-
summable derivatives in Q that vanish on T, (mes[, >0). Let kK denote the set of functions
from this space that satisfy the inequality (1.1) almost everywhere on I, (in the plane measur
sense) by considering I, to be a simply-connected domain I' with a smooth boundary 8T, of
class Ct.

The solution of the problem of minimizing the energy functional

IT () =—21- S 045 () &5y (0) dz — S faus dx—-S giu; AT, = (uy, g, Us) (1.2)
- &

o

in the set K satisfies the inequality
0= K ([dll(0),y—0) >0 Vy=K (1.3)

dil (0) is the gradient of II(w) on H,(Q). If the shape of the stamp here agrees with T,
then (1.3) is the classical Signorini problem /2/. For simplicity, we will consider the case
of an elastic body which cbeys Hooke's law,

The smoothness of the solution. It can be proved that if f, =L*(Q), g, = L*{T,), the
solution of (1.3) exists and is unique.

In investigating the qualitative properties of the solution, the proof of its regularity
in the neighbourhood of the points of I, is essential. We assume everywhere that the shape
of the stamp does not differ very much from I',. The exact meaning of this condition is clari-
fied below.

Theorem 1. Let the function ¢ belong to the class (®. Then the solution @ & K posses:
ses two generalized derivatives in the neighbourhood of the points ze& I, N\ .

Proof. Let z,& I\ 0. We select a system of coordinates with origin at the point z,
such that the plane %, is tangent to I'; at z,, while the axis z; coincides with the interio:
normal at this point., Let

Zs = B (23, 23}y Bx (0,0 =P 0,0) =10 (1.4}
be the equation of I in the neighbourhood of zy and

I3 = (xly x!) (l.s)

the eguation of the shape of the stamp. Such a representation of the boundary is possible
because of its smoothness. The meaning of the assumption made above is that the shape of the
stamp does not differ very much from T, , which again consists of the possibility of the repre-

sentation (1.5). 1Inequality (l.l) has the following form in the neighbourhood of the point
Zo (U = Uy, V== Uy, W= U}

— 0, {Ty, 25) U Ty, Ty, B (21, 23)) — e (X1, 22) U (21, 230 B {21y 20) + (1.8}
W (zy, 250 P (21, 25)) 22 @ (), 3) — B (21, 20), (@ 2) ED

Here D is the projection of the boundary (1.4) on the plane z:2,.
Let us make a change of variables with a unit Jaccbian
V1= 21, Y = Tp, Y3 = T3 — P (21, 2,)
The following formulas will be valid here for an arbitrary smooth function h(z)=Fk{y) :
kx‘ = Em — ﬁy;ﬁ:n h:: == va—ﬁysﬁxn h& = ﬁw

The transformation mentioned will result in the fact that a fairly small domain Q,(C R
having the surface ;= B (z,,2,) as part of its boundary will be mapped homeomorphically onto
a domain in the space of variables y with a boundary containing pieces of the plane y, = (.
Let y{Q,) be this mapping. We select the domain in the form of hemispheres

Gi={iy}<i§! §s>0}: i=1,23

where we consider § to be such a small positive number that G, C y{Q,). Furthermore, let the
function ¢ (y) & C* possess the properties ¢=1 in G,,¢>>0,l¢|<1, where ¢=0 out-
side |y |> %0, and we assume that the second derivatives of the function a = B with re-
spect to ¥, ¥: are non-negative in G;. The assumption made about the sign of the second

derivatives of the function a — f is not essential and can be dropped. We alsc introduce the
following notation

dic h ) = [k (y + te) — A (™, Ak () = —dundich (), i=1,2
where e; are the unit vectors, and (O<CT«<< 8. It can be shown that if the number b is selectec
in the range 0 <A <{y1* , the vector % = (@ ¥ ¥a) with the compoments

Oy = 0 -+ Ap*Aiil, Ty == 5 -+ Ap*Aid
Dy = T + AptAie (B — Ty, — Bay,] + Ap2ay, Aunil -+ ATy, AT



798

will satisfy inequality (l1.6) written in the variables y.
The carrier ), — w lies in the set Q, |J {z3 =P (2, z,)}. For any sufficiently regular
function p,h such that the carrier p lies in the set mentioned, the following equation holds:

S hxipxj dr = S (Ey,; “‘ﬁyuﬁxJ (ﬁyj - ﬁyxﬁxj) dy, Br=0
Q ¥(Q)

We now substitute the function 1y = (ur, va, wn) into (1.3) and divide by M. Because of
the preceding relationship, we will have two types of components in the inequality obtained:
those containing and those not containing i, Pm- The following assertion holds for the
components not containing ﬁxi . The difference between the integrals (there is no summation
with respect to I here and henceforth)

oty (0288), dy — § (ducoit),, (dicd),, dy
y(8e) Yy}

can have as upper bound the quantity included in the second braces on the right side of in-

equality (1.7) (see below) with a constant dependent only on y (R, and ¢ . Here each of the

functions can independently take the values §,7,w.

We extract the highest from the expressions containing S,i . They can be estimated as
before and the maximum of the quantities ﬁ,i. ﬁxf in absolute value can be taken outside the
integral sign. The other quantities can be estimated more simply. We consequently conclude
that the following inequality holds:

§ o4, (dix (99)) &4 (dic (93)) dy < (1.7)

Y(Qe)
Clﬂ;ﬂx(lﬁml B | + Bi: 4+ B | dic (@) T + 2 {1 B[22 + | B 1| dix (93) 1 + || F o*}
where ¢, depends on the domain y (Q,), the Lamé constants, and the function ¢, a,f; while ¢,

depends only on the Lamé constants.All the norms written down are referred to the domainy Q).
Furthermore, we use the Korn inequality

ldic(@®) 12 <o § 0w (dic (@) &, (dic (93) dy (1.8)
Y(Sa)
Here the constant ¢, is independent of @ and ¢ . Selecting the quantity 8§ characterizing

the domain G; to be sufficiently small, we can assume that

max { [Bxs] 4 | Bxe | + B3 + Br} < (cocr) ™
Ts

where €y and ¢, are the constants from (1.7) and (1.8). This selection is possible because of
conditions (l1.4). Therefore, we obtain from (1.7)

Fde ool < e
with a constant ¢ independent of t. Therefore, the second derivatives of the function @ with
the exception of ., belong to L?(G,). However, it is seen that the equations
Oy = F
are satisfied in the neighbourhood of y; =0 , where F & L?(G)). Thus the second derivatives
of the solution with respect to y, also belong to L?(G,). The theorem is proved.

Construction of the measure. The assertion about the existence of a measure characteriz-
ing the action of the stamp on an elastic body will be proved below. The case when I, has a
common boundary with I'; and when it has one with T, should be distinguished here. First let
the points of dI, possess the following property: for any Zo = 9T, a neighbourhood d (x,)
exists such that d{z,) N T T U Lo

Theorem 2. A measure u can be given in a oJ-algebra of Borel subsets of the boundary T,
such that for all x = H,' Q)N C(Q JT.) the following representation holds:

" vao
(dn(w),x)=s T dn (1.9)
T

c

Proof. We first note that if the vector ¥ <= H,' (Q) is such that ¥V® >0 on I, then
@M (o), ¥) > 0. 1In fact, o + ex < K, e >0, hence by substituting ©® + &X as a trial vector
in (1.3), we obtain the required inequality. We now define a linear manifold of functions
given on T,

LVD
V = (s x,,:_[%ﬁ, 1= H Q) N C(QUTY (1.10)



799

The linear functional
Y (%) = @I (0}, %)
can be defined on V.

The value of ¢ is determined uniquely by this formula. Indeed, if ¥' = %' on I, then
according to the preceding (4l (w), ¥* — %2) >> 0. Since the reverse inequality is also true,
we have ¥ (1)) = ¥ (1s2)-

It can be shown that the manifold V contains all functions from C'([.), and hence, its
closure in the norm | - “C(r'c) = mrax | « | agrees with the space ( (I). Moreover, a vector h e

€

HM @) NCQUT) exists such that
RV®/| VD] > 6 > 0, 8§ = const
Hence, for any function X« EV
% <K R lleery RYR/ B |V @ )
It therefore follows from the fact that the functional ¢ is positive that
1 () | < el gelleey, € = 67 (@Il{0), b)

Therefore, we conclude that ¥ is a linear continuous functional on C (I}, Since it is
moreover positive, a measure § exists such that

P =§ xudn Vi, C(1)
rc
For a function Y, constructed according to the vector y & H,L Q)N CQ UT,) by using
{1.10), this formula yields the representation (1.9). The proof of the theorem is completed.

Absolute continuity of the measure in T\ .. 1let z, =T, \ 8T, A sufficiently small
neighbourhood d{z,) of the point #, exists that does not contain the points oI, . Let the
vector X = (%, Ye» %3) = H: (@) N C(Q U I') be such that supp ¥ = d (z,) [) Q. Because of Theorem 2.

@n o) 0= Xprds (1.11)

<

Using the result about the regularity of the solution in the neighbourhood of the point
Zy, we conclude that the left side of this relationship eguals

oY
§ {UzjsyL—szz}d1=S o153, AT (1.12)
i £,
Furthermore, we recall the definition. A measure y is called singular with respect to
the Lebesgue measure if it is concentrated in a set of zero Lebesgue measure. For an arbitr-

ary measure given on a o-algebra of Borel sets of I, {and particularly for i), there exists
a unigque decomposition

M(B)=V(B)+§3q(x)dz

Here ¢ (x) is a function summable in the Lebesgue measure (the density of the measure [T
and BT, is an arbitrary Borel set.

We will show that y=0 in I, \ 8. follows from (1.11) and (1.12). Hence, a deduc-
tion can be made, in particular, about the impossibility of concentrated actions of the stamp
on an elastic body at the point T\ éI'., By our assumption, |V® |30 on T.. Let a coord-
inate system be selected such that @, (@)% 0 for z<d(z) N T, i=1,2,3. Considering,
in turn, that the non-zero component of X is only %; and equating the right sides of (1.11)
and (1.12), we obtain (no summation over i)

S Xi'g;%dp=g Gygnixs 4T

rc rc
Hence, it follows that the singular component of the measure u is equal to zero in
d (z) N T, where the measure density equals
g = oyn; | VO I/(Dxi, i=1,2,3
Let ¢ denote a vector with components oyn;,i=1,2,3. Then the density can be written

in the form

—_— mxlz ozlz ¢xlz GVO
9=4 TeoF T4 TveF T ITVOF — Ve

Let us now examine the case when I', has a common boundary with I',. In other words, for
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an arbitrary point 2z, & 0T, let a neighbourhood d({(z,) exist for which d(z,) 1T T, U I.

Theorem 3. A measure p can be given on a o-algebra of Borel subsets T\ 4, such
that for all y <= Ha' (Q)NC, (T) the representation (1.10) holds.

That (,(I;) belongs to the space of finite and continuous functions on I, should here be
understood to mean that the traces of the components of the vector % in T, belong to the space
mentioned.

We will make some remarks about the proof of the theorem. In this case a linear manifold
V consisting of the functions %« of the form

Yo = (VO | VD |, y &= H Q)N € (Te)
will contain all the functions from (! (F). Therefore, a linear functional y on V defined by
the formula ¢ (xe) = (2l (0), ) can be defined in continuity for all functions from C,(Ic). Here
(1.10) will follow from the well-known representation of a linear continuous functional in
the space of finite continuous functions.

In this case the density of the measure p also equals oV®/|{V®D]|,

2. The contact of two elaatic bodies. Formulation of the problem. Let two elastic
bodies in the natural state, occupying the domains Q and Q'from R® with boundaries T, I, have
common pieces of the boundary I',.. If o is the displacement vector of points of the first body,
and @' of the second, then the fundamental inequality relating these vectors on I, has the form
/3/

on — o'n-<< 0 on T, (2.1)

(r = (ny, ny, ng) is the vector of the outer normal to I'). The prime denotes quantities refer-
ring to the second body.

The fundamental result is the proof of the regularity of the solution up to I, and the
investigation of the qualitative properties of the solution. Exactly as in Sect.l, the solu-
tion (w, ) will be determined from the variational inequality. We first determine the
boundary conditions. We consider that '=T_ |J T, |J Ty, I' =T, T U Tes» The displacement
vector is given on Iy , and the vector of the forces on Te: i.2.,

o=0 on To; 0;0; = g1 on Ts (2.2)

Analogous conditions are given on [, Ty, . We assume that mesT, >0 , mes Ty > 0.

Let Hg!'(Q') have the same meaning as H,!(Q). We use the notation H = H,!(Q) X Ho' Q).

The energy functional of two bodies is represented in the form of the sum of appropriate
functionals. For each of the bodies it has the form (1.2), where the Lamé parameters for
each of the bodies is their own.

We assume that f; e L2 (Q), ¢: < L* (I'y) (similarly for the second body). Under the above-
mentioned conditions, the solution of the problem of minimizing the energy functional £ (o,
0')=II(0) + I' (0') in the closed convex set K C H, defined as the set of functions from H
satisfying the inequality (2.1) almost everywhere in I, exists and is unique. This solution
¥ = (0, ©') satisfies the inequality

Ve K: dEW), y—¢9) >0 Vyes KX (2.3)

Here dE (§) is the gradient of the functional E () on H.
Problem (2.3) certainly allows a differential formulation, namely, the equilibrium equa-
tions
60,,/6::, = —h
are satisfied in the domains Q and Q’.
Conditions (2.2) are satisfied on Ty and I; (on TI'.s and T4 , respectively) and, moreover,
we have on T,

on —o'n0 on —a'n=0

o (@nm=0 or {o;@nn 0

Oy= 0 U= 0

013 (0) ~yn; = oyy (@) nyns, (G¢) ¢+ = oyny — (Ongni) ny

We later assume that I',T"(C C®, and we consider I, to be a simply-connected domain on
T with a smooth boundary of the class (.

The regularity of the solution. Theorem 4. For each point z,e& I, \ ¢l a neighbourhood
dz) R UQUI: exists such that o € H*(d (z) | ), o & H? (d (z,) N Q).

Ideas analogous to those used in proving Theorem 1 are used to prove this theorem. The
neighbourhood of the point =z & T.\ 6T, is transformed into a circle in the space of the
variables y by a special coordinate transformation sothat part of the boundary near the point
z, transfers into points of the plane. Then a trial function is selected that satisfies
(2.1) and enables multiplication of the equilibrium equations by the appropriate derivatives
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to be reproduced in difference form. This function is substituted into (2.3), which in the
long run results in an inequality of the type (1.7). Therefore, the presence of square-sum-
mable second derivatives along the tangent directions and mixed derivatives, is established.
From the conditions for the equilibrium equations to be valid near the boundary we also obtain
the existence of square-summable second derivatives along the normal.

Construction of the measure and its properties. We will formulate a theorem on the exist-
ence of a measure characterizing the action of one body on another. Exactly as in the problem
of the interaction between an elastic and a rigid body, the case of the distinct location of
T., T, Loy Tory Ter , must be examined separately.

First, for each point z,& dI, let a neighbourhood d (z,) exist that possesses the
property that d(z,) NTCI. Ul and d(z) N T' T, T, Hence, the following theoremholds:

Thecrem 5. A measure p can be defined on a o¢-algebra of Borel subsets I, such that for
arbitrary functions ¢ = (y,v') = HNC () the following representation holds (p = K is the
solution of (2.3)):

MEWMM=—Shm—VMﬂt (2.4)

PC

The properties of the measure constructed in such a manner are determined by the smooth-
ness of the solution. 1In particular, the presence of second derivatives for the solution near
the contact boundary enables us to prove that the singular component of the measure p equals
zero at the points T\ 0T,. The reasoning is similar to that used at the end of Sect.l. The
density of the measure p turns out to equal —o0y; () njm,.

In conclusion, we consider the situation when a neighbourhood d (z,) exists for an arbitr-
ary point zo& I, for which d(z) NTCT. U T, d@) NI T Y Lo

Theorem 6. A measure u can be defined on a o0-algebra of Borel subsets I, \ 4. such
that for any function ¢ = (v, y) S H N C, (Ty) the representation (2.4) holds. The singular
component of this measure is zero, and the density equals —oy; (@) Rs;, where p(B)<< 4o for
any compact B C T\ dT.,.
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ON THE FORMULATION AND INVESTIGATION OF A SPATIAL CONTACT PROBLEM
FOR ELASTIC BODIES UNDER MIXED FRICTION CONDITIONS *

I.I. KUDISH

A spatial contact problem is formulated and investgated for rough elastic
bodies which touch each other under mixed friction conditions: the elastic
bodies are separated in one part of the contact domain by a layer of
viscous incompressible liquid (lubricant), while in the other they are in
direct contact (such conditions are characteristic for roller bearings,
gear transmissions, etc.). The problem is reduced to a system of non-
linear integro-differential and integral equations and inequalities in the
contact domain, part of the external boundary, and a number of inner
boundaries that are unknown in advance, but separate the lubricated and
unlubricated zones. Special cases are problems of dry and completely
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